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ABSTRACT

control workload which cannot be managed by a single controller (as any human being, a controller has working limits
and may usually be able to manage a maximum of 15 aircraft
with 3 conﬂicts points); the airspace is then partitioned into
sectors each of them being assigned to a controller team.
When airspace is partitioned into sectors, several rules have
to be applied in order to insure the safety and an eﬀective
traﬃc ﬂow. The workload in sectors has to be balanced in order to ensure that controllers have roughly the same amount
of work to do in all sectors. When an aircraft crosses a sector
boundary, controllers in charge of those neighboring sectors
have to exchange information with pilot and between each
other in order to insure a safe transfer of the ﬂight between
sectors. This transfer is called a coordination of an aircraft
between sectors. The way airspace is partitioned may induce diﬀerent amount of coordination and a good sectoring
has to minimize this number of coordination because it cost
eﬀorts to the controllers and to the pilots too. Those objective have to be optimized by taking into account several
operational constraints. The ﬁrst constraint ensures that
sectors are convex in the airway link directions (An airway
is materialized by a list of linear links). By this mean, a pilot
will not encounter the same controller twice during his ﬂight.
This constraint will then prevent superﬂuous coordinations ;
this means that an aircraft crossing a sector will encounter
2 and only 2 sector boundaries (route convexity constraint).
The second constraint will ensure that conﬂict point will be
located at a minimum distance from the sector boundaries.
Aircraft have to follow airways and conﬂict between aircraft
may appear only at airways crossing. A sector boundary
has to be at least at a given distance from each airways
crossing (safety constraint). When a controller has to solve
a conﬂict, he needs a minimum amount of time to develop a
solution. Each controller managing individually his sector,
if a sector boundary is too close to a crossing point, he is
not able to solve any conﬂicts because he has not enough
time between the coordination step (with the previous sector where the aircraft comes from) and the time the aircraft
reaches the crossing point. The minimum delay time is ﬁxed
at 7 minutes and can be converted into a distance once the
aircraft speed is known. The third constraint will ensure
that aircraft stay enough time in sectors for controllers to
be able to manage them (min stay time constraint). As a
matter of fact, if an aircraft stays a few seconds in a sector,
the controller will not be able to manage such aircraft; then
it brings only superﬂuous coordination and the controller is
not able to produce any services for this kind of aircraft. We

This paper presents a new method for 3D cutting of geometrical space with application to airspace sectoring. This
problem comes from the air traﬃc management but the proposed method may be applied to many other areas. This
problem consists in ﬁnding a cutting of a 3D volume into
sectors in order to balance the weights of sectors and which
minimizes the ﬂow cut on sector boundaries. A mathematical modeling of this problem has been proposed for which
state space, objective functions and constraints are deﬁned.
The complexity of such problem being NP Hard, stochastic
optimization have been used to address it. An Evolutionary Algorithm has been implemented for which chromosome
coding and operators have been developed. Realistic problem instances have been tested on this algorithm for which
the solutions produced fulﬁll our objective.
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1.

INTRODUCTION

Air traﬃc controllers monitor the traﬃc and check that
aircraft follow their planed trajectories. When two or more
aircraft are converging to the same point, the controllers
have to change the heading, the speed or the altitude of
some aircraft in order to ensure a minimum distance between
all aircraft. Everyday about 8000 aircraft are ﬂying in the
French airspace and such amount of traﬃc generates a huge
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express this constraint by a minimum distance between two
boundaries cutting the same airway. Finally, a fourth constraint will limit the possible shape of synthesized sectors
(geometrical constraint). Controllers work on a two dimensional radar screen with aircraft tag giving the altitude of
traﬃc. This HMI limitation may induce uncertainty on the
sector which contains the plane. As a matter of fact, if the
sector border are not perpendicular to the ground in the
third dimensions, controller may have problem to know if
an aircraft is still in a neighbor sector or already in its own
sector. This problem is shown in the ﬁgure 1. This ﬁgure
y

y
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load balancing between sectors and (2) the number of coordinations (ﬂow cut by the sector boundaries). This optimization process has to meet four
constraints : (1) route link convexity constraint; (2)
safety constraint; (3) minimum stay time constraint;
(4) vertical border constraint.
This problem can be viewed as a 3D geometrical cutting
problem with typical constraints and the method presented
in this paper may be applied to others cutting problem in
3D space. The next part gives a summary of the previous related works. The third part proposes a mathematical
modeling and identiﬁes the associated complexity of this 3D
cutting problem. A fourth part gives a brief overview of the
Evolutionary Algorithms which has been used to address
such problem. The ﬁfth part gives some details about the
chromosome coding and the associated operators dedicated
to this problem. Finally, the last part presents results on
realistic instances of this problem.
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2. PREVIOUS RELATED WORKS
S2

The problem of cutting optimization can be summarized
the following way. Having a limited domain in Rn one
has to cut this domain into K sectors in order to
optimize an objective function. This optimization
process has to take into account several problem dependent constraints.
This problem may ﬁnd many application in the industry
mainly for the stock cutting optimization for which a factory
produces material which has to be cut into diﬀerent pieces
ordered by the clients. The objective consists in minimizing
the waste after the cutting. This problem has been studied in one, two or three dimensions and may be extended to
higher dimensionality [12, 4, 3, 11]. The associated complexity increases with the dimension of the space which has to
be cut. For stock cutting problems, the shape and the size of
the synthesis sectors are ﬁxed and controlled by the demand.
From the mathematical point of view, this kind of cutting
problem can be view as an packing problem [8, 9, 10] which
is a typical NP Hard assignment problem. Those techniques
can not be applied to our problem because the size and the
shape of our sectors are not known in advance. Our objective is also diﬀerent as we are not looking at minimizing
the waste but we try to ﬁnd a full partition of the airspace
(no part of the airspace is left out of sectors) in order to
balance the weight of the synthesis pieces with a minimum
cutting section (coordination minimization). Depending of
the dimension of the object that has to be partitioned into
sectors, the associated complexity may strongly change.
For the 1D space, the object that has to be cut is materialized by a line with a linear weight density (ρ(x)) ( no
punctual weights is considered). The total weight of the obRL
ject is M = 0 ρ(x)dx (where L is the total length of the
object). For this simple case, a trivial solution is given by a
dichotomy search which ﬁrst ﬁx X1 then ﬁx X2 and so on till
XK (where K is the total number of sectors). When punctual weights are introduced in the problem (see ﬁgure 2),
one are not sure to reach an exact solution. The weight of
an individual segment k limited by xkinf and xksup is given
by :
Z xksup
X
ρ(x)dx +
wn
(1)
mk =

xy

Figure 1: Vertical border constraint. The second
situation (right side) is easier to manage from the
controller point of view than in the ﬁrst one (left
part) because of the shape of the border in the side
view.

shows an aircraft crossing two sectors S1 and S2 . The upper left, shows the radar top view of sectors S1 and S2 . The
dash line represents the trajectory of an aircraft going from
S1 into S2 . The bottom left shows the side view of S1 and S2
with the aircraft descending from S1 into S2 . As it is shown
on this ﬁgure, the sector border is not perpendicular to the
ground (xy). The controllers having only the top-view of
sector, they have diﬃculties to identify the point of coordination when the aircraft is exiting S1 and entering S2 . On
the left of line “a” the aircraft is in sector S1 , on the right of
line “b” the aircraft is in sector S2 but between “a” and “b”
it is diﬃcult to know when the aircraft will change of sector
mainly if it is descending or climbing. The way to solve this
problem is to ensure that sector boundaries are perpendicular to the ground in the third dimension as it is shown in
the right part of ﬁgure 1. The bottom right shows the new
structure of the vertical border which is now perpendicular
to the ground. The upper right shows the sectors top view
with the “c” line materializing the sector transition. When
the aircraft crosses this line, the controllers are sure that it
is changing of sector even in case of some uncertainty in the
altitude.
Furthermore, the shape of sectors in the horizontal dimension has to be polygonal ensuring linear borders which are
necessary for controllers to be eﬀective. Then, sectors are
cylinders with polygonal section.
Based on the problem objective and constraints deﬁnition one can summarized the framework of this study : one
considers a traﬃc distribution in the airspace which
generates a control workload density. The problem
consists of partitioning this airspace into K sectors,
in order to minimize both objectives : (1) work-

xk
inf
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n|(xn )∈[xk
,xk ]
inf sup
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Figure 2: 1D case. This strip is partitioned into 4
balanced sub-strips.

Figure 3: Random sectoring by Voronoi diagram.

where xn is the position of the nth punctual weight and wn
the associated weight (wn < M
). We build the following
K
criterion :
«2
k=K
X„
M
J=
mk −
(2)
K
k=1

(see ﬁgure 4) in order to create a connected planar graph.
This principle makes the constraint management easier. As
Delaunay Triangulation

and use a classical gradient method to ﬁnd the minimum
of J. When the coordination minimization is consider the
criterion J is modiﬁed the following way :
«2 k=K
k=K
X„
X
M
J=
mk −
+
(ρ(xkinf ) + ρ(xksup ))
(3)
K
k=1

k=1

where the second part represents the cutting section minimization. The coordination being a workload for the controller, it means that when the boundary is built, the associated sectors have to be updated with this new weights.
This is taken into account in the mk deﬁnition :
Z xksup
X
ρ(x)dx+
wn +β(ρ(xkinf )+ρ(xksup))
mk =
xk
inf

n|(xn)∈[xk
,xk ]
inf sup

(4)
where β is a weight factor. The way to solve such problem
is the same as in the case where the is no punctual weight.
The two dimensions case is much more diﬃcult to solve
because of the size of the state space. When the cutting
direction is ﬁxed a priori the problem is the same as the
1D case for which the linear weight density is the projection
of the surface density ρ(x, y) on the cutting direction. Depending of this direction, one can ﬁnd several solutions to
the problem. When two cutting directions are possible (the
sectors are then rectangles),there is no way to translate this
problem into one dimension and the associated complexity
increases drastically. Having polygonal shape of sectors, the
number of cutting direction may be much higher than two
and the associated complexity increases accordingly. This
problem has been studied in [6, 5] for which the sectors
are synthesized by the mean of Voronoi diagram and optimized by genetic algorithms. In this approach, points called
class centers are randomly spread in the 2D plan that has to
be partitioned and the associated Voronoi diagram is built
producing a random sectoring of the plane (see ﬁgure 3).
The Voronoi diagrams produce convex sectors ensuring that
any line crossing the sector will encounter two and only two
borders. Having this property, such sectoring will always
met the route convexity constraint. The other constraint
are taken into account by relaxation of the objective function. A discrete model of this approach has been proposed
in [7]. The approach consists in using a mosaic of elementary
cells (this may be the result of a Voronoi diagram synthesis) and in building the associated Delaunay triangulation

Figure 4: Delaunay triangulation. The dash line
represents the associated Voronnoi diagram

a matter of fact, when a mosaic cell is too small or has a
conﬂict point too close to one of its boundaries, it is merge
with one of its neighbors in order to create a bigger cell
which met the constraint. After such a cell checking, all the
cells met the constraint and the method consists in merging cells by the mean of connected component optimization
in the Delaunay graph [7]. This optimization is based on
an evolutionary process. This discrete method enable the
management of bigger airspace and is faster to reach the
optimum.
The two previous models may be straightly extended in
the third dimension. For the ﬁrst one, it is only necessary
to used 3D position for the class centers. This modiﬁcation
will induce the synthesis on 3D polyhedral sectors. For the
second one, one has only to consider Voronoi cells in three
dimensions and build the associated Delaunay triangulation
inducing a graph with vertex in a 3D space. In both cases,
such 3D straight extension will result in sectors which will
not met the geometrical constraint. These previous works
have been mainly done in the 2D case and may not be extended straightly in the third dimension. The next section
introduced the problem modeling which has been used in
this new 3D approach.

3. PROBLEM MODELING
The current approach is based on an initial cutting of the
airspace into elementary cells. This initial sectoring may by
done by the mean of a 2D Voronoi diagram for which the
class center are the plane projection of the 3D crossing point
between air ﬂows. Based on this initial Voronoi diagram a
merging process remove the cells with too close class centers and the too small ones. After this merging step, one
has a 2D mosaic on the projection of the 3D airspace (see
ﬁgure 5). A set of altitude layers is then considered and
each mosaic cell is then extended in the third dimension by
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3D flow crossings

3D airspace

the number of sectors). A sectoring being a partition of the
initial cell set, we have the following properties :

Initial 2D Voronoi mosaic

i=K
[

si = C

si ∩ sj = ∅ ∀i = j

(5)

i=1

The Delaunay triangulation is represented by a graph A
for which the link symbolize the neighborhood relation between cells; this means that a link is built when two cells are
neighbor. Each link aij is weighted by the amount of ﬂow
fij transiting from cell i into cell j.
Based on those notations, one can formalize the objectives
of this problem. The ﬁrst objective fi consists in balancing
the weights of sectors. The weight wk of sector k is given
by :
X
mk =
wci
(6)

Figure 5: Initial Voronoi mosaic. The right side
of this ﬁgure shows the voronoi diagram of the 2D
prejection of the 3D cells

duplication of the 2D cell in each layer (see ﬁgure 6). For

ci ∈sk

5

Sk

4

The total amount of workload is given by :

3
2

M=

1

k=K
X

mk

(7)

k=1
3D extension of Sk cell

Sector weights are balanced when mk =
criterion f1 is modeled by :

Figure 6: 3D extension

f1 =

each cell and for each layer, the associated workload is summarized by a weight located at the position of the cell class
center with height given by the average altitude of the given
layer. Those weights are symbolized by black circles on the
ﬁgure 6). A Delaunay triangulation of this initial mosaic
is built in order to create a graph for which the link value
represents the ﬂow going from one cell into one of its neighboring cells. This initial Delaunay triangulation is extended
to each altitude layer. This information will be used in the
ﬂow cut minimization process.
Based on this initial mosaic, the following sector building
process has been used in our application. First a set of sector centers is deﬁned : S. Those sector centers are points
with coordinates in the 2D mosaic plane. The number of
sector centers is K which is the number of sectors that has
to be synthesized (|S| = K). Then, K layer intervals are
deﬁned in a way that ensure that each altitude layer is assigned to an interval or more. Such association is called a
covering. For instance, if 5 layers are considered (1, 2, 3, 4, 5)
a possible covering of this 5 layers with 3 intervals is given
by :I1 = [1, 4]; I2 = [3, 5]; I3 = [2, 4]. As it can be noticed in
this example all layers are assigned to one or more intervals.
A cell association process to the sector centers is then applied. This process consists in taking each cell and ﬁnding
the closest sector center for which the layer interval contains
the cell layer. Based on the covering property of intervals,
we are sure that, after this association process, all the cells
are associated to one and only one sector center.
In order to build a mathematical model, the following notation have to be introduced. We call C the set of elementary
cells from the initial mosaic. A cell ci is characterized by its
position pci = (xci , yci , lci ) where lci is the layer number of
the cell and by its weight wci . The cardinality of this set
is given by the number of 2D Voronoi cells Nv , times the
number of layers NL , so |C| = Nv .NL . We introduce K subsets sk each of them representing a potential sector (K is

K
X
|mk −
k=1

M
K

M
K

|

M
K

. So the ﬁrst

(8)

This criterion may vary from 0, when sectors are full balanced, to (K − 1) when all the cells are into one sector and
all the others sectors are empty. The denominator M
inK
duces f1 to be independent of the total weight. The second
objective aims at minimizing the ﬂow cut. Based on the Delaunay graph A this second objective may be modeled the
following way :
X
1
f2 =
fij
(9)
F
i, j|ci ∈ sk
cj ∈
/ sk
P P
where F = i j fij Those two objective are gathered together into a single objective f by the mean of a weighted
sum :f = α.f1 + (1 − α).f2 .
There is not relaxation of constraints in this objective
because they are already taken into account by the construction method of sectors. As a matter of fact, the initial
Voronoi mosaic ensure that elementary cells met the min
stay constraint and the safety constraint. The aggregation
of cells to their nearest sector centers ensures that the route
convexity constraint is met by sectors. Finally, the use of
a covering of layers by intervals ensure that the synthesized
sector will have cylinder shapes with polygonal section. Having now a mathematical model of this problem, let have a
look to the associated complexity.
The problem to be solved can be divided into two separate
parts corresponding to the two diﬀerent goals:
1. Equilibrium of the diﬀerent sector weights;
2. Minimization of the coordination workload.
The second criterion is typically a discrete graph partitioning problem with topological constraints and is then
NP-hard [2]. The ﬁrst criterion is a classical classiﬁcation
problem with a connectivity constraint.
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nc
One must ﬁnd an optimal grouping among SK
possibilinc
ties; where SK is the second Stirling number :
„
«
i=nc −1
nc !
1 X
nc
SK
=
(−1)i
(nc − i)K
nc ! i=0
i!(nc − i)!

child chromosomes, which are added to the next generation population. The chromosomes of the parents are mixed
during crossover. Mutation is a genetic operator used to
maintain genetic diversity from one generation of a population of chromosomes to the next. The purpose of mutation
in EAs is to allow the algorithm to avoid local minima by
preventing the population of chromosomes from becoming
too similar to each other, thus slowing or even stopping evolution. These processes ultimately result in the next generation population of chromosomes (POP(k+1) on ﬁgure 7)
that is diﬀerent from the initial generation. This generational process is repeated until a termination condition has
been reached. The next section presents the application of
EA to our problem.

where nc is the number of cells and K the number of sectors.
This problem is NP-hard and stochastic optimization is a
good candidate to address it.
Moreover, this kind of problem may have several optimal solutions (or near optimal) due to the diﬀerent possible
symmetries in the topological space and one must be able to
ﬁnd all of them because they have to be reﬁned by experts
(it is impossible to know at this step which one is really
the best). This last point makes us reject classical simulated re-annealing [1] optimization which updates only one
state variable. On the other hand, Evolutionary Algorithms
(EAs) maintains and improves a population of numerous
state variables according to their ﬁtness and will be able to
ﬁnd several optimal (or near-optimal) solutions. EAs appear
to be relevant to solve this sectoring problem.

4.

5. APPLICATION TO AIRSPACE
Based on the previous problem modeling, a data coding
has to be developed in order to make run EA on this problem. The state space may be summarized by a set of points
in a 2D space with an altitude layer interval. The initial
chromosome of our EA has the following structure :

EVOLUTIONARY ALGORITHMS

Evolutionary algorithms use techniques inspired by evolutionary biology such as inheritance, mutation, natural selection, and recombination (or crossover) to ﬁnd approximate
solutions to optimization problems. An individual, or solution to the problem to be solved, is represented by a list of
parameters, called chromosome or genome. Initially several
such individuals are randomly generated to form the ﬁrst
initial population (POP(k) on ﬁgure 7). Then each indi-

x1
y1
L(M1 )
Ext1inf
Ext1sup

λ
μ

Nothing
1−(Pm+Pc)

Crossover
Pc

L(M2 )
Ext2inf
Ext2sup

...
...
...
...
...

xi
yi

...
...

xK
yK

L(Mi )
Extiinf
Extisup

...
...
...

L(MK−1 )
ExtK−1inf
ExtK−1sup

Each column of this table represents a gene of the chromosome. A gene numbered i consists in position coordinates
(xi , yi ), a layer marker level L(Mi ) and two marker extension limits Extiinf and Extisup . The sector center enable
the building of the sectoring for a given layer by the mean
of an aggregation process of the Voronoi cell centers to their
nearest sector centers (see ﬁgure 8). The markers are used

POP(k)
Tournament
Selection

x2
y2

POP i

Mutation
Pm

C3
C2
G2
G1

POP(k+1)
C5

Figure 7: Genetic Algorithm with Tournament Selection. The ﬁrst step consists in the selection of
the best individuals from population P OP (k). Afterward, recombination operators are applied in order
to produce the P OP (k + 1) population.

C1

Cell center

C4

Sector Center

Figure 8: Aggregation process example.
The
Voronoi cells are aggregated to their nearest sector
centers

vidual is evaluated, and a value of ﬁtness is returned by a
ﬁtness function. This initial population undergo a selection
process which identify the most adapted individual. The one
which has been used in our experiments is a deterministic
(λ, μ)-tournament selection. This selection begins by randomly selecting λ individuals from the current population
(POP(k) and keep the μ bests ((λ > μ)). This two steps
are repeated until a new intermediate population (POPi )
is completed. Following selection, one of the three following operators is applied : nothing, crossover, and mutation.
The associated probability of application are respectively
(1 − pc − pm )), pc and pm . Crossover results in two new

to easily build a covering of the altitude levels by several
intervals. Consider that K intervals have to be built then
K − 1 marker have to be generated on the layer domain
(on ﬁgure 9, four intervals are built with three markers).
The makers M1 , M2 , ..., MK are ordered according to their
layer number :L(Mi ) (L(M1 ) ≥ L(M2 ) ≥ ... ≥ L(MK )).
The ﬁrst interval is built by using minimum layer number
(0) and L(M1 ) + Ext1sup . The second interval begins at
L(M1 ) − Ext1inf and ends at L(M2 ) + Ext2sup . More generally the interval numbered i (i = 2..(K − 1)) has the fol-
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M1

0
inf(1)

M2

M3

max layer

inf(3)

sup(1)
inf(2)

each parents (see ﬁgure 11). First, two genes are randomly
selected in each parent. The associated sector centers are
then connected by a straight line. Sector centers are randomly moved on this line in order to create two children
sector centers. The second step of the crossover operator

sup(3)
sup(2)

I1
I2
I3
I4

S1’

Mi : Marker number i
Ii : Interval number i

S1
S2
S2’

Figure 9: Layer interval building process by the
mean of layer markers.
S1’
S1

lowing structure :

S2
S2’

Ii = [L(Mi−1 ) − Exti−1inf , (L(Mi ) + Extisup ]

(10)

The ﬁnal interval labeled K, is given by

S1’

[L(MK−1 ) − ExtK−1inf , max layer number]

(11)

S1
S2’

The chromosome is initialized by randomly drawing 2D points
in the underlying surface (ground) and makers in the altitude layer domain (those markers are then ordered in the
increasing layer number). This process is then repeated for
all individuals in the population. An example of chromosome coding is given on ﬁgure 10 This coding process has

S2

Figure 11: Crossover operator: one sector center
is selected in each chromosome (one circle and one
triangle). Afterward, those sector centers are connected by a straight line and are randomly moved
on this line to create two new sectors (triangles).

y
2D Surface

exchanges markers between parents (see ﬁgure 12). The
markers of the children come from both parents.

cell

G2

G1

P1

y2

M2

M1
N1

P2

N2

M3

N3

y1
C1
M1

x

x1

G1,G2 : sector centers

N2

M2

C2
N1

x2
X

x1 x2

M1

Y

y1 y2

6

inf

0

5

1

sup 7

10

1

N3

M3

Parents : P1 P2
Children : C1 C2

Figure 12: Marker exchange between parents. The
parents are labeled P1 and P2 , the children C1 and
C2 . First the marker of both parent are gathered
together and ordered according their layer level.
Then, the ﬁrst child C1 take one maker over two
in the ordered list, and the child C2 takes the remaining ones.

CODING

Figure 10: Example of chromosome coding. This example presents a mosaic with 5 initial Voronoi cells
(dash lines) for which 2 sectors are built. The number of layers considered is 10 and the ﬁrst sector
addresses the layer 0 to 7 and the second one addresses the layers 5 to 10. This has been produce by
the marker M1 located at the layer 6 with Ext1inf = 1
and Ext1sup = 1. The ﬁgure shows one of the 3 common layers of the two sectors (5,6,7). The sector
centers are represented by symbol G1 and G2 . For
the layers 0 to 4 only the ﬁrst sector addresses those
layers meaning that all the associated cells belong to
this sector. On the same way cells of the layers 8 to
10 are associated to the second sector.

The second operator used for our EA is the mutation.
This operator may be decomposed into two classes :
1. strong mutation. This ﬁrst operator takes an individual and randomly initializes the position of the sector
centers or the makers. The choice between those two
options is random.
2. medium mutation. First, the more unbalanced genes
are identiﬁed. This identiﬁcation, is used to put some
bias in the drawing of the gene which will undergo the
mutation. The extension of the selected marker are
then changed by taking into account the sign on the
unbalanced weight of their genes. If the sector weight
is under the balanced weight, the vertical extension of
the associated interval will be increased and it will be
decreased if it is over the balanced weight.

been completed by operators.
Those operators are used to increase the diversity of the
population. The crossover operator begin by randomly drawing two parents in the population of individuals after selection. The crossover operates in two steps. The ﬁrst step
consists in changing the position on one sector center in
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Those mutations are randomly selected. The ﬁtness used

S1

S1
S2

S2

S1

Figure 14: Initial distribution of 500 cells in a 10×10
square with 3D extension

S2

Figure 13: Mutation operator: to mutate a chromosome, one sector center is randomly selected and is
moved by adding noises to its geographical coordinates
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by our EA has been built by mixing both objective the following way :
f itness(I) = α
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1
1
+β
0.01 + f1 (I)
0.01 + f2 (I)

20

10
0

where I is an individual and α = 0.8 and β = 0.2. This
ﬁtness has to be maximized and reach its maximum when
f1 = f2 = 0 ⇒ f itness = 100.
Having presented the structure of our Evolutionary Algorithm, the next section shows some results on large instance
of the problem.

6.
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Figure 15: Fitness evolution with generations (500
cells). The solid line represents the ﬁtness of the
best individual among the population and the dash
line shows the associated average ﬁtness.

RESULTS

100. The ﬁgure 16 gives the associated evolution of both
objective for the best individual. As it can be seen on the
ﬁgure both objective reach the value zero meaning that the
sectors are full balanced without ﬂow cut. A larger instance

The parameters of the algorithm have been adjusted in
order to reach a good performances for realistic instance
of the problem (instances with several hundred cells in the
initial mosaic).
500
500
0.4
0.2
yes
(5,2)

0.12

0.1

Level of relative error

Number of generations
Population size
Proba of Crossover
Proba of Mutation
Elitism
(λ, μ)

20

In order to validate the method, one has to produce problems for which exact solutions are known. To reach this
goal, one has to create symmetries in the problem which are
easy to investigate from the human being perception point
of view but which have the same complexity from the computer point of view.
The ﬁrst test considers 500 cells which have been randomly thrown on a 10×10 square (see ﬁgure 14). Each cell
has been extended in the third dimension on 10 layers. For
the ﬁrst layer, random weights has been attached to each
cell and duplicated on all layers. This mean that the total
weight on each layer is the same, meaning that a trivial balanced solution may be reached by cutting the overall cube
into horizontal layers. On the ﬁrst layer random ﬂows have
been introduced between any cells and its neighbor. This
distribution of ﬂows has been also duplicated in the third
dimension. The following tests have been run on an Intel
P4 (1.4Ghz) computer. The ﬁgure 15 shows the evolution
of the ﬁtness with generations. The exact solution is reach
for the generation 30 for which the ﬁtness reach the value
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Figure 16: Criteria evolution with generations (500
cells). The solid line represents the relative balancing criterion (f1 ) and the dash line gives the associated remaining ﬂow cut (f2 ).
of this problem with 1000 cells has been tested by our algorithm. For this test, no symmetries have been introduced
and random values have been used for all cell weights and
for all ﬂows between cells. The solutions produced by the algorithm are very good as it can noticed on ﬁgure 17 and 18.
In this case the ﬁtness may not be able to reach 100 because
for any partition there is remaining ﬂow cut. The remaining
relative unbalanced weight is
0.45% and the associated
relative ﬂow cut is 0.13%. Those tests have been tried on
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Figure 17: Fitness evolution with generations (1000
cells)
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Figure 18: Criteria evolution with generations (1000
cells)

several runs and produced the same kind of results. An HMI
has been developed for this application in order to investigate the physical shapes of sectors by air traﬃc management
experts (the ﬁgure14 has been produced by the mean of this
interface).

7.

CONCLUSION

This paper has presented a new airspace cutting method
which synthesizes balanced sectors with minimum ﬂow cut.
This problem is known to be NP Hard and stochastic optimization approach has been developed in order to address
real instance of airspace cutting. A mathematical model has
been developed for which two objective functions has been
deﬁned in order to quantify the sector balance and the ﬂow
cut objective. The 3D cylinder sector shapes ensure that the
constraint are satisﬁed. A coding process and recombination
operators have been dedicated to this problem in order to
make run a classical evolutionary algorithm scheme. This
algorithm has been tested on realistic instance of the problem for which symmetries has been introduced in order to
identify exact solutions. The results show that our EA ﬁnd
the exact solution. A second test with 1000 cells has been
tried for which no symmetry has been included. The algorithm ﬁnd very good solution with the same convergence
rate as in the symmetrical case showing the robustness of
such method.
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